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Abstract
It is believed that the multiple M5-branes are described by the non-abelian (2,0) theory and
have the non-local structure. In this note we investigate the non-abelian (2,0) theory in
loop space which incorporates the non-local property. All fields will be formulated as loop
fields and the two-form potential becomes a part of connection. We make an ansatz for
field supersymmetry transformation with a help of Lie 3-algebra and examine the closure
condition of the transformation to find the field equations. However, the closure conditions
lead to several complex terms and we have not yet found a simple form for some constrain
field equations. In particular, we present the clear scheme and several detailed calculations
in each step. Many useful Γ matrix algebras are derived in the appendix.
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1 Introduction
String theories in 10D can be unified by 11D unique M-theory, where the basic objects are
M2-brane and M5-brane (the magnetic version of M2-brane). One can say that M-branes
are the most fundamental objects we have right now (for a review of M-theory see [1] and
references within). The descriptions of single M2 or M5 brane have already known for quite
a long time (for single M5-brane see [2]), while the understanding of the multiple M2 branes
gained ground in the past few years by using the so-call Lie 3-algebra [3]. It is interesting
to keep moving forward to start thinking about how do we describe multiple M5-branes.
We know that Maxwell field (abelian gauge theory) in a single D-brane will be extended
to Yang-Mill field (non-abelian gauge theory) when D-branes start to coincide. We also know
that the strong coupling limit of 1-form potential Aµ in the D4-brane becomes the 2-form
potential Bµν (with self-dual 3-form field strength Hµνλ) in the M5-brane, thus naturally one
would expect some kind of non-abelian 2-form theory will be involved in multiple M5-branes.
Although we expect that the multiple M5-brane to be a non-Abelian theory, it can not be
an ordinary non-Abelian gauge theory, because the entropy of coincident N M5-branes does
not scale as N2 like Yang-Mills theories but rather N3. In the case of Multiple M2-branes
it is also not an ordinary non-Abelian theory (coincident N M2-branes scale as N
3
2 ), it has
the novel gauge symmetry based on the Lie 3-algebra. It is natural to ask oneself whether
similar structure play the crucial role when one consider multiple M5-branes.
On the other hand, it has been established that multiple M5-branes should be a non-local
theory [4]. A natural way to deal with non-local structure is to work in the loop space, which
is defined as the space of map from the circle into the manifold. A canonical analysis of the
boundary of M2-brane (self-dual string) leads to a (noncommutative) loop space on the M5
brane is discussed in [5].
This note is intended as an initial step of trying a possible approach by combining the
concept of the Lie 3-algebra and the loop space together to see whether this method can
indeed offer the key ingredients to the understanding of multiple M5-branes in the future.
This note can also be considered as a attempt to link up the methods of following two papers:
one recent paper using the Lie 3-algebra to construct non-abelian (2,0) theory [6] and the
another paper discussed non-abelian (2,0) theory in the loop space [7]
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2 Covariant Derivative in Loop Space and Loop Field
Let us first set up the loop space representation which we use in this note. Denote Cµ(s)
as a function in loop space parameterized by a inner parameter s and let it satisfy the loop
condition : Cµ(0) = Cµ(2π), where µ is ordinary space-time index. We also note that∮
ds C˙µ(s) = 0 (2.1)
in which C˙µ ≡
dCµ
ds
, while ∮
ds Cµ(s) ≡ Lµ 6= 0 (2.2)
We define the factor Lµ which can be considered as the measurement of the weight when we
integrate around the loop path, and that will play an important role when we modeling the
SUSY transformation ansatz in the next section.
We also assume that the loop space is noncommutative [5]
[Cµ(s), Cν(s)] = Qµνλ C˙µ(s) 6= 0. (2.3)
This means noncommutativity is suggested as a replacement of usual spacetime when one
uses the loop coordinates, and it is considered as the nature property of loop space itself.
It is different from the case when one need to turn on the background field, and the factor
Qµνλ should be defined from the fundamental noncommutative relation of these loop coor-
dinates. This property is important when we try to write down the proper supersymmetry
transformation ansatz in the next section. We also note that Cµ play the roles similar to
coordinates rather than the vector field.
One may identify the parameter “s” we used to represent the loop space as the same as
the worldvolume parameter of the (closed) string inside the M5 branes, but in this note we
will not touch the issue of the dynamics of the self-dual string [5].
There are three kind of fields in multiple M5-branes : Scalar field φI (I = 6,...,10), fermion
field ψ and the 2-form potential Bµν . We now define the corresponding loop fields [7]
φIµa(C) ≡
∮
ds φIa(C(s))C˙µ(s) (2.4)
ψµa(C) ≡
∮
ds ψa(C(s))C˙µ(s) (2.5)
where a is the group index. It will be more convenient if one defines
φIa ≡
Lµ√
|(Lν)2|
φIµa; (2.6)
ψa ≡
Lµ√
|(Lν)2|
ψµa (2.7)
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where φIa has the same scale dimension as φ
I
µa (so as the fermion field), and we will use φ
I
a
and ψa in the supersymmetry transformation. In this note we also introduce a scalar field
Gaµ, as that in [6]. The corresponding loop field is
Gaµ ≡
∮
ds Ga(C(s))C˙µ(s) (2.8)
Our effective gauge field (connection) is
Abµa(C) ≡
∮
ds Bbµνa(C(s))C˙
ν(s) (2.9)
thus we naturally incorporate the two-form potential B-field in the our tensor multiplet. Note
that in the strict sense, the standard gauge field which has proper gauge transformation is
the one form A-field, that means in the loop representation we are not going to treat the
theory as a strictly gauge theory of the two-form B-field.
The suitable covariant derivative will be
Dµφ
I
a = ∂µφ
I
a − A
b
µaφ
I
b = ∂µφ
I
a −
[∮
ds Bbµλa(C(s))C˙
λ(s)
]
φIb (2.10)
where the derivative in loop space is defined by
∂µ =
∮
ds
δ
δCµ(s)
(2.11)
Finally, the field strength (curvature)
F bµνa(C) = [Dµ, Dν ]
b
a = ∂µA
b
νa − ∂νA
b
µa + [Aµ, Aν ]
b
a (2.12)
is defined by the commutator of the effective gauge field (connection).
3 Supersymmetry Transformation
We now start to consider the SUSY transformation. There are two important hints when
we try to give the ansatz. The first one is the SUSY transformation of multiple D4-branes,
which is expected to appear when one makes a reduction on a circle for multiple M5-branes:
δφI = iǫ¯ΓIψ (3.1)
δψ = ΓµΓIDµφ
Iǫ+
1
2
ΓµνΓ5Fµνǫ−
i
2
[φI , φJ ]ΓIJǫ (3.2)
δAµ = iǫ¯ΓµΓ
5ψ (3.3)
where µ = (0, ..., 4); I = (5, ..., 9) and Fµν is field strength of Maxwell field. This can be
obtained by the dimensional reduction of 10D Yang-Mill theory.
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The second hint is the SUSY transformation of the single M5-brane [2]
δφI = iǫ¯ΓIψ (3.4)
δψ = ΓµΓI∂µφ
Iǫ+
1
12
ΓµνλHµνλǫ (3.5)
δBµν = iǫ¯Γµνψ (3.6)
where µ = (0, ..., 5); I = (6, ....10) and Hµνλ = 3∂[µBνλ] is self-dual 3-form. Note that the su-
persymmetry parameter ǫ and ψ have opposite chirality due to the fact that all the fermions
are Goldstinos which correspond to broken supersymmetry while the parameter correspond
to unbroken supersymmetry. We take the convention: Γ012345ǫ = +ǫ and Γ012345ψ = −ψ.
With the correct chirality in mind, in this note we consider the following SUSY transfor-
mation ansatz of non-abelian (2,0) theory via three-algebra in loop space
δφIa = iǫ¯Γ
Iψa (3.7)
δψa = Γ
µΓIDµφ
I
aǫ+ κΓ
IJKΓµνλQµνλφ
I
bφ
J
c φ
K
d f
cdb
aǫ+ Γ
µνλFµνbcGdλf
bcd
aǫ (3.8)
δAbµa = iǫ¯ΓµνλσΓ
IQνλσψcφ
I
df
cdb
a (3.9)
δGaµ = 0 (3.10)
where f cdba is the structure constant of Lie 3-algebra. Note that we have 4 fields in the
theory while have 5 terms in supersymmetry transformation, and one coefficients κ should
be determined by the closure of supersymmetry transformation.
To proceed, let us first make some remarks about the SUSY transformation ansatz.
• It is especially noteworthy that if we want an ansatz which can indeed close on shell, we
have to first take a look at the Fierz identity (see Appendix) to insure that the transformed
terms have the proper form for each others so that we can extract out the equation of motions.
• The total anti-symmetry gamma matrix Γµνλ in front of the second term of the fermion
field SUSY transformation implies that the factor Qµνλ is also total anti-symmetry, just like
Qµνλ ∼ ǫµνλ in [5].
• In order to find the connection to multiple D4-branes, we have to consider dimensional
reduction, besides we also need to consider the process of going back to the ordinary local
theory where all fields decouple from the loop. In this sense we can take the limit when the
5
loop shrink into an point and consider the Q factor reduce to a normalized constant.
• Above ansatz for the SUSY transformation have the following consistent scaling di-
mensions
[φIa] = 1 , [ψa] =
3
2
, [Abµa] = 1 , [ǫ] = −
1
2
, [Cµ] = −1
[F µνba] = 2 , [Q
µνλ] = −1 , [∂µ] = [Dµ] = 1 , [Gaµ] = [s] = 0 (3.11)
and chiral property discussed in appendix A.
4 Closures of Supersymmetry Transformation : Scalar
Field
Now, we start to examine our ansatz by the closure of superalgebra. First, let us check our
(loop) scalar field. Use the ansatz we have
δ1δ2φ
I
a = iǫ¯2Γ
I(δ1ψa) = iǫ¯2Γ
I
(
ΓµΓI¯Dµφ
I¯
aǫ1 + κΓ
I¯ J¯K¯ΓµνλQµνλφ
I¯
bφ
J¯
c φ
K¯
d f
bcd
aǫ1
+ ΓµνλFµνbcGdλf
bcd
aǫ1
)
(4.1)
and we have to deal with three terms (denoted as φ1, φ2 and φ3) in above equation.
• φ1 term: Use the Γ matrix property derived in appendex we know that
ΓIΓµΓI¯ = −ΓII¯Γµ − gII¯Γµ
=¨ −gII¯Γµ (4.2)
We use =¨ to denote that we have dropped the terms which become zero in considering the
commutator [δ1, δ2]. Which terms shall be dropped could be easily determined from the
symmetry property proved in the appendex A. Therefore, φ1 term will contribute following
result to [δ1, δ2]φ
I
a :
[δ1, δ2]φ
I
a|φ1
= (−2iǫ¯2Γ
µǫ1)Dµφ
I
a (4.3)
• φ2 term: Use the Γ matrix property derived in appendex we know that
ΓIΓI¯ J¯K¯Γµνλ = (ΓII¯J¯K¯ + 3gI[I¯ΓJ¯K¯])Γµνλ =¨ 3gI[I¯ΓJ¯K¯]Γµνλ (4.4)
Therefore, this term will contribute following result to [δ1, δ2]φ
I
a :
[δ1, δ2]φ
I
a|φ2
= (i6κǫ¯2ΓµνλΓ
KLǫ1)Q
µνλφKc φ
L
d f
cdb
aφ
I
b (4.5)
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• φ3 term: Use the Γ matrix property derived in appendex we know that
ΓIΓµνλ =¨ 0 (4.6)
Therefore, this term contribute null to [δ1, δ2]φ
I
a.
Thus we define the translation parameter υµ and gauge transformation parameter Λba by
vµ ≡ −2iǫ¯2Γ
µǫ1 (4.7)
Λba ≡ i6κǫ¯2ΓµνλΓ
KLǫ1Q
µνλφKc φ
L
d f
cdb
a (4.8)
and find that
[δ1, δ2]φ
I
a = (−2iǫ¯2Γ
µǫ1)Dµφ
I
a + (i6κǫ¯2ΓµνλΓ
KLǫ1)Q
µνλφKc φ
L
d f
cdb
aφ
I
b
≡ vµDµφ
I
a + Λ
b
aφ
I
b (4.9)
which tells us that the supersymmetry transformation closes into a translation and a gauge
transformation.
5 Closures of Supersymmetry Transformation : Gauge
Field
Next we turn to our gauge field, this term will give us the field equation of field strength.
First, use the ansatz we see that
δ1δ2A
b
µa = iǫ¯2ΓµνλσΓ
IQνλσ δ1(ψc · φ
I
d)f
cdb
a = iǫ¯2ΓµνλσΓ
IQνλσ(δ1ψc · φ
I
d + ψc · δ1φ
I
d)f
cdb
a
= iǫ¯2ΓµνλσΓ
IQνλσ
(
Γµ¯ΓI¯Dµ¯φ
I¯
cǫ1 + κΓ
I¯ J¯K¯Γµ¯ν¯λ¯Qµ¯ν¯λ¯φ
I¯
b¯φ
J¯
c¯ φ
K¯
d¯ f
c¯d¯b¯
cǫ1
+Γµ¯ν¯λ¯Fµ¯ν¯b¯c¯Gd¯λ¯ǫ1 f
b¯c¯d¯
c
)
· φId f
bcd
a + iǫ¯2ΓµνλσΓ
IQνλσ(ψc · iǫ¯1Γ
Iψd)f
cdb
a (5.1)
and we have to deal with four terms (denoted as A1, A2, A3 and A4) in above equation.
• A1 term: Use the Γ matrix property derived in appendex we know that
ΓIΓµνλρΓ
µ¯ΓI¯ = −ΓµνλρΓ
µ¯ΓIΓI¯ = −
(
Γ µ¯µνλρ + 4Γ[µνλg
µ¯
ρ]
)(
ΓII¯ + gII¯
)
=¨ −Γ µ¯µνλρ g
II¯ − 4Γ[µνλgρ]µ¯Γ
II¯ (5.2)
Therefore, this term will contribute following result to [δ1, δ2]A
b
µa :
[δ1, δ2]A
b
µa|A1
= υδǫµνλρσδ
(
QνλρφIcD
σφIdf
cdb
a
)
+
2
3κ
DµΛ
b
a (5.3)
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• A2 term: This term is proportional to
[δ1, δ2]A
b
µa|A2
= ǫ2ΓµνλσΓ
IΓI¯J¯K¯Γνλρǫ1φ
I¯
b¯φ
J¯
c¯ φ
K¯
d¯ φ
I
d f
c¯d¯b¯
cf
bcd
a (5.4)
which vanishes as a consequence of fundamental identity of Lie 3-algebra, as analogic term
in BLG multiple M2 theory [3].
• A3 term: Use the Γ matrix property derived in appendex we know that
ΓµνλρΓ
µ¯ν¯λ¯ = Γ µ¯ν¯λ¯µνλρ + 12Γ
[ν¯λ¯
[µνλ g
µ¯]
ρ] + 36Γ
[λ¯
[µν g
µ¯ν¯]
λρ] + 24Γ[µg
µ¯ν¯λ¯]
νλρ]
=¨ 12Γ
[ν¯λ¯
[µνλ g
µ¯]
ρ] + 24Γ[µg
µ¯ν¯λ¯]
νλρ] (5.5)
Therefore, this term will contribute following result to [δ1, δ2]A
I
a :
[δ1, δ2]A
b
µa|A3
= i(ǫ¯2Γ
IΓσǫ1)
(
12ǫ ν¯λ¯σµνλ Q
νλρFρν¯b¯c¯Gd¯λ¯ + 24Q
νλσFµνb¯c¯Gd¯λ
)
φIc f
b¯c¯d¯
df
cdb
a (5.6)
• A4 term: Use the Fierz identities derived in appendex we see that the A-4 term becomes
[δ1, δ2]A
b
µa|A4
= iǫ¯2ΓµνλσΓ
IQνλσ(ψd · iǫ¯1Γ
Iψc)f
cdb
a
= iǫ¯2ΓµνλσΓ
IQνλσ(iψ¯cΓ
Iǫ1)ψdf
cdb
a
= −
1
16
ǫ¯2ΓµνλσΓ
I
[
2(ψ¯cΓµ¯ψd)Γ
µ¯ΓIǫ1
−2(ψ¯cΓµ¯Γ
I¯ǫ1)Γ
µ¯ΓI¯ΓIψd
+
1
12
(ψ¯cΓµ¯ν¯λ¯Γ
I¯ J¯ψd)Γ
µ¯ν¯λ¯ΓI¯ J¯ΓIǫ1
]
Qνλσf cdba (5.7)
and we have to deal with three terms (denoted as A4a, A4b and A4c) in above equation.
◦ A4a: Use Γ matrix property
ΓIΓµνλρΓ
µ¯ΓI = −ΓIΓIΓµνλρΓ
µ¯ = −5
(
Γµ¯µνλρ + 4Γ[µνλg
µ¯
ρ]
)
=¨ −5Γ µ¯µνλρ (5.8)
we find the contribution
[δ1, δ2]A
b
µa|A4a
=
5
16
(−i2ǫ¯2Γ
µ¯
µνλρ ǫ1)(iψ¯cΓµ¯ψd)Q
νλσf cdba
=
5
16
υσεµνλρδσ(iψ¯cΓ
δψd)Q
νλσf cdba (5.9)
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◦ A4b: Use Γ matrix property
ΓIΓµνλρΓ
µ¯ΓI¯ΓI = −ΓµνλρΓ
µ¯
(
ΓIΓI¯ΓI
)
= 3
(
Γ µ¯µνλρ + 4Γ[µνλg
µ¯
ρ
)
ΓI¯
=¨ 3Γ µ¯µνλρ Γ
I¯ (5.10)
we find the contribution
[δ1, δ2]A
b
µa|A4b
=
3
8
(ǫ¯2Γ
µ¯
µνλρ Γ
I¯ǫ1)(ψ¯cΓµ¯Γ
I¯ψd)Q
νλσf cdba
=
3
8
(ǫ¯2Γ
σΓI¯ǫ1)εµνλρδσ(ψ¯cΓ
δΓI¯ψd)Q
νλσf cdba (5.11)
◦ A4c: Use Γ matrix property
ΓµνλρΓ
µ¯ν¯λ¯ = Γ µ¯ν¯λ¯µνλρ + 12Γ
[ν¯λ¯
[µνλ g
µ¯]
ρ] + 36Γ
[λ¯
[µν g
µ¯ν¯]
λρ] + 24Γ[µg
µ¯ν¯λ¯]
νλρ]
ΓIΓI¯ J¯ΓJ = ΓI¯ J¯ (5.12)
We find that this term contribute null to [δ1, δ2]A
b
µa.
So we find that
[δ1, δ2]A
b
µa = iυ
δεµνλρδσ
(
φIcD
σφId + i
5
16
ψ¯cΓ
σψd
)
Qνλρf cdba +
2
3κ
DµΛ
b
a
+i(ǫ¯2Γ
IΓσǫ1)
(
12(ǫ ν¯λ¯σµνλ Q
νλρFρν¯b¯c¯Gd¯λ¯ + 2Q
νλσFµνb¯c¯Gd¯λ)φ
I
c f
b¯c¯d¯
d
−
3
8
ε σµνλρδ (ψ¯cΓ
δΓIψd)Q
νλρ
)
f cdba
≡ υδF bµδa +DµΛ
b
a (5.13)
Thus the supersymmetry transformation closes into a translation and a gauge transforma-
tion. This implies that
κ =
2
3
(5.14)
and the gauge field equation is
F bµνa − εµνλρδσ
(
φIcD
σφId + i
5
16
ψ¯cΓ
σψd
)
Qρλδf cdba = 0 (5.15)
Besides, we also have another constrain field equation
12(ǫ ν¯λ¯σµνλ Q
νλρFρν¯b¯c¯Gd¯λ¯ + 2Q
νλσFµνb¯c¯Gd¯λ)φ
I
c f
b¯c¯d¯
d −
3
8
ε σµνλρδ Q
νλρ(ψ¯cΓ
δΓIψd) = 0
(5.16)
It is hoped that the constrain field equation may be simplified (or automatically be satisfied)
from the property of closures of fermion field supersymmetry transformation analyzed in next
section.
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6 Closures of Supersymmetry Transformation : Fermion
Field
Finally, we deal with the closure of fermion term, this term will give us the fermion field
equation.
Use the ansatz we see that
δ1δ2ψa = Γ
µΓIDµ(δ1φ
I
a)ǫ2 − Γ
µΓI(δ1A
b
µa)φ
I
bǫ2
+3κΓIJKΓµνλQµνλ(δ1φ
I
b)φ
J
c φ
K
d f
cdb
aǫ2 + Γ
µνλ(δ1Fµνbc)Gdλf
bcd
aǫ2 (6.1)
and we have to deal with four terms (denoted as ψ1, ψA, ψ2 and ψF ) in above equation.
• Let us first consider the ψ1 term. From
δ1δ2ψa|ψ1 = Γ
µΓIDµ(δ1φ
I
a)ǫ2 = Γ
µΓIDµ(iǫ¯1Γ
Iψa)ǫ2 (6.2)
and Fierz identities, the ψ1 term contributes following to [δ1, δ2]ψa
[δ1, δ2]ψa|ψ1 =
i
16
ΓµΓI
[
2(ǫ¯2Γµ¯ǫ1)Γ
µ¯ΓIDµψa − 2(ǫ¯2Γµ¯Γ
I¯ǫ1)Γ
µ¯ΓI¯ΓIDµψa
+
1
12
(ǫ¯2Γµ¯ν¯λ¯Γ
I¯ J¯ǫ1)Γ
µ¯ν¯λ¯ΓI¯ J¯ΓIDµψa
]
(6.3)
Use the Γ matrix property
ΓµΓIΓµ¯ΓI = −ΓµΓµ¯ΓIΓI = −5
(
2gµµ¯ − Γµ¯Γµ
)
(6.4)
ΓµΓIΓµ¯ΓI¯ΓI = −ΓµΓµ¯ΓIΓI¯ΓI = 3
(
2gµµ¯ − Γµ¯Γµ
)
ΓI¯ (6.5)
ΓµΓIΓµ¯ν¯λ¯ΓI¯J¯ΓI = −ΓµΓµ¯ν¯λ¯ΓIΓI¯J¯ΓI = −
(
6gµ[µ¯Γν¯λ¯] − Γµ¯ν¯λ¯Γµ
)
ΓI¯ J¯ (6.6)
we find the contributions
[δ1, δ2]ψa|ψ1 = i(ǫ¯2Γµ¯ǫ1)
[
−
5
4
Dµ¯ψa +
5
8
Γµ¯ΓµDµψa
]
+i(ǫ¯2Γµ¯Γ
I¯ǫ1)[
−3
4
ΓI¯Dµ¯ψa −
3
8
Γµ¯ΓI¯ΓµDµψa
]
+
i
192
(ǫ¯2Γµ¯ν¯λ¯Γ
I¯J¯ǫ1)
[
− 6gµ[µ¯Γν¯λ¯]ΓI¯J¯Dµψa + Γ
µ¯ν¯λ¯ΓI¯ J¯ΓµDµψa
]
(6.7)
• In the same way, using Γ matrix properties derived in appendix it is straightforward
(while sightly complex) to calculate other terms. We finally find that
[δ1, δ2]ψa = i(ǫ¯2Γµǫ1) ×
[
−
5
4
Dµψa +
27
4
κ ΓνλQ
µνλΓJKψbφ
J
c φ
K
d f
bcd
a
10
+
3
4
ΓνλQ
µνλΓJKψbφ
J
c φ
K
d f
bcd
a
+
3
2
ΓIΓνλΓνµ¯ν¯λ¯Q
µ¯ν¯λ¯(ψd¯D
µφIc¯ + φ
I
c¯D
µψd¯)Gdλf
c¯d¯
bcf
bcd
a
]
+i(ǫ¯2Γµ¯ǫ1)Γ
µ¯ ×
[5
8
ΓµDµψa −
9
8
κ ΓµνλQ
µνλΓJKψbφ
J
c φ
K
d f
bcd
a
+
5
8
ΓµνλQ
µνλΓJKψbφ
J
c φ
K
d f
bcd
a
+
1
4
ΓIΓµνλΓνν¯λ¯ρ¯Q
µ¯ν¯λ¯(ψd¯Dµφ
I
c¯ + φ
I
c¯Dµψd¯)Gdλf
c¯d¯
bcf
bcd
a
]
+i(ǫ¯2Γµ¯Γ
I¯ǫ1) ×
[−3
4
ΓI¯Dµ¯ψa + · · · · · · · · · · · ·
]
+i(ǫ¯2Γµ¯Γ
I¯ǫ1)Γ
µ¯ΓI¯ ×
[
−
3
8
ΓµDµψa + · · · · · · · · · · ·
]
+i(ǫ¯2Γµ¯ν¯λ¯Γ
I¯ J¯ǫ1) ×
[−6
192
gµ[µ¯Γν¯λ¯]ΓI¯ J¯Dµψa + · · · ·
]
+i(ǫ¯2Γµ¯ν¯λ¯Γ
I¯J¯ǫ1)Γ
µ¯ν¯λ¯ΓI¯ J¯ ×
[ 1
192
ΓµDµψa + · · · · · · · · · · ·
]
(6.8)
in which the first, second, third and forth terms within each bracket are from ψ1, ψ2, ψA
and ψF terms, respectively. The dot lines denote terms which are too complex to be written
in (6.8).
• We now attempt to collect above results into the following form
[δ1, δ2]ψa = υ
λDλψa + Λ
b
aψb (6.9)
to ensure the supersymmetry transformation to close into a translation and a gauge trans-
formation. Then, we find the following results:
1. We use κ = 2
3
in (5.14) to do following calculations.
2. The first bracket shall become −8
4
Dµψa to fit (6.9). Thus
−
3
4
Dµψa =
21
4
ΓνλQ
µνλΓJKψbφ
J
c φ
K
d f
bcd
a
+
3
2
ΓIΓνλΓνµ¯ν¯λ¯Q
µ¯ν¯λ¯(ψd¯D
µφIc¯ + φ
I
c¯D
µψd¯)Gdλf
c¯d¯
bcf
bcd
a (6.10)
This is the second constrain field equation (the first one is (5.16)) which relates (φDψ+ψDφ)
to φφψ and Dψ.
3. Let second bracket =0 we then obtain the following fermion field equation
5
8
ΓµDµψa −
1
8
ΓµνλQ
µνλΓJKψbφ
J
c φ
K
d f
bcd
a
−
1
4
ΓµνλΓνν¯λ¯ρ¯Q
µ¯ν¯λ¯ΓI(ψd¯Dµφ
I
c¯ + φ
I
c¯Dµψd¯)Gdλf
c¯d¯
bcf
bcd
a = 0 (6.11)
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We can from (6.10) and (6.11) find a simple form of the fermion field equation
ΓµDµψa + ΓµνλQ
µνλΓJKψbφ
J
c φ
K
d f
bcd
a = 0 (6.12)
and constrain field equation becomes
ΓIΓνλΓνµ¯ν¯λ¯Q
µ¯ν¯λ¯(ψd¯D
µφIc¯ + φ
I
c¯D
µψd¯)Gdλf
c¯d¯
bcf
bcd
a + 3ΓνλQ
µνλΓJKψbφ
J
c φ
K
d f
bcd
a = 0 (6.13)
4. We can take the supervariation of the fermion field equation to find the bosonic field
equation, with the help of gauge field equation (5.15).
5. To fit (6.9) the fifth bracket term shall become Λbaψb and the other bracket terms
ought to be zero. This will lead to some additive constrain field equations. Maybe theses
extra constrain field equations automatically be satisfied after using the field equations.
Unfortunately, we have not yet found an elegant form for the final results and leave it aside
for this moment.
6. As that in [6] our Gaµ field is a super-invariant field and we also have a simple relation
[δ1, δ2]Gaµ = υ
νDνGaµ + Λ
b
aGbµ ⇒ DνGaµ = 0, φ
I
bφ
J
cGdµf
bcd
a = 0 (6.14)
for the on-shell field.
Let us finally remark that we should not overlook the self-duality property in M5-branes.
In the abelian case we need the field strength H to be anti-self-dual in order to close the
algebra, however, in this note we have not completed all the closures condition and we are
not yet in the situation to concern the self-duality property in the loop space. (But we
should note that perhaps we do not need the self-duality constraint to close the algebra in
the loop space [7])
7 Summary and Conclusion
In this note we start to study the relation between the (noncommutative) loop space, the
Lie 3-algebra and multiple M5 branes. We use loop fields as the basic objects, the covariant
derivative is given by the pull-back of the two-form potential and the gauge symmetry is
described by the Lie 3-algebra which inevitably appear when we consider supersymmetry
transformation.
Guiding by the dimensional analysis, chiral property, Fierz identity, multiple D4 and
single M5 supertransform properties, our SUSY transformation ansatz of non-abelian (2,0)
theory is
12
δφIa = iǫ¯Γ
Iψa (7.1)
δψa = Γ
µΓIDµφ
I
aǫ+ κΓ
IJKΓµνλQµνλφ
I
bφ
J
c φ
K
d f
cdb
aǫ+ Γ
µνλFµνbcGdλf
bcd
aǫ (7.2)
δAbµa = iǫ¯ΓµνλσΓ
IQνλσψcφ
I
df
cdb
a (7.3)
δGaµ = 0 (7.4)
We have examined the closure condition of the transformation and find
κ =
2
3
(7.5)
The field equations are
0 = F bµνa − εµνλρδσ
(
φIcD
σφId + i
5
16
ψ¯cΓ
σψd
)
Qρλδf cdba (7.6)
0 = ΓµDµψa + ΓµνλQ
µνλΓJKψbφ
J
c φ
K
d f
bcd
a (7.7)
0 = DνGaµ (7.8)
The supervariation of the fermion field equation can be used to find the bosonic field equation,
with the help of gauge field equation.
The constrain field equations we have found are
0 = 12(ǫ ν¯λ¯σµνλ Q
νλρFρν¯b¯c¯Gd¯λ¯ + 2Q
νλσFµνb¯c¯Gd¯λ)φ
I
c f
b¯c¯d¯
d
−
3
8
ε σµνλρδ Q
νλρ(ψ¯cΓ
δΓIψd) (7.9)
0 = ΓIΓνλΓνµ¯ν¯λ¯Q
µ¯ν¯λ¯(ψd¯D
µφIc¯ + φ
I
c¯D
µψd¯)Gdλf
c¯d¯
bcf
bcd
a
+3ΓνλQ
µνλΓJKψbφ
J
c φ
K
d f
bcd
a (7.10)
0 = φIbφ
J
cGdµf
bcd
a (7.11)
The closure conditions lead to several complex terms and we have not yet find the simple
form for completed constrain field equations. The detail of the closure conditions remain to
be examined.
However, a theory formulated in terms of non-local variables depending on loops is po-
tentially very different from the usual formulations, we still have to make more investigations
of this approach to see whether it will lead us into further insights of the mysterious multiple
M5-branes.
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APPENDIX
A Symmetry Property and Chiral Property :
We work with 32-component Majorana spinors and the fermions are Goldstinos of the sym-
metry breaking SO(10, 1) → SO(5, 1) × SO(5) and µ, ν, λ = 0, ..., 5; I, J = 6, ..., 10.
Define
Γ ≡ Γ012345 (A.1)
the convention for the chirality condition is therefore
Γǫ = +ǫ ; ǫ¯Γ = −ǫ¯ ; Γψ = −ψ ; ψ¯Γ = ψ¯ (A.2)
and the anti-commutative relations are
{Γµ,ΓI} = 0 ; {Γ,Γµ} = 0 ; [Γ,ΓI ] = 0 (A.3)
The conjugate spinors are defined with the charge conjugation matrix C
ψ¯ = ψTC (A.4)
and for our representation we can choose C = Γ0. As CT = C−1 = −C we have
CΓµC−1 = −(Γµ)T (A.5)
We thus find that
(CΓa1...an)
T = (Γa1...an)
TCT = (−1)n−1CΓan...a1 = (−1)
n−1(−1)[1+2+..+(n−1)]CΓa1...an (A.6)
and we have the following symmetry property about Γ matrix
symmetry matrix : CΓa1 , CΓa1a2 , CΓa1a2a3a4a5 CΓa1a2a3a4a5a6 , ... (A.7)
anti− symmetry matrix : CΓa1a2a3 , CΓa1a2a3a4 , CΓa1a2a3a4a5a6a7 , ... (A.8)
Usng above results we can find a simple rule of the sign under 1⇔ 2 in below :
ǫ¯2γ
mǫ1 = (−1) ǫ¯1γ
mǫ2
ǫ¯2γ
mnǫ1 = (−1) ǫ¯1γ
mnǫ2
ǫ¯2γ
mnoǫ1 = (+1) ǫ¯1γ
mnoǫ2
ǫ¯2γ
mnopǫ1 = (+1) ǫ¯1γ
mnopǫ2
ǫ¯2γ
mnopqǫ1 = (−1) ǫ¯1γ
mnopqǫ2 (A.9)
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From the chiral property Γǫ = ǫ and ǫ¯Γ = −ǫ¯ we also see that
ǫ¯ Γµ1···µkΓI1···Inǫ = ǫ¯ Γµ1···µkΓI1···InΓǫ = (−1)k ǫ¯ ΓΓµ1···µkΓI1···In ǫ
= (−1)k+1 ǫ¯ Γµ1···µkΓI1···In ǫ (A.10)
Thus, only if k is odd could we have no-zero value of ǫ¯ Γµ1···µkΓI1···In ǫ. Above symmetry
property and chiral property are used to derive the following Fierz identities and simplify
several calculations in section 4-6.
B The Fierz identities :
In 11 D spacetime the basis {QI} of the vector space of 211/2 × 211/2 matrices are
{Qb} = {1,Γm, iΓmn, iΓmnp,Γmnpq,Γmnpqr} (B.1)
which satisfies the condition
tr{QaQb} = 211/2δab (B.2)
From the basis in 11D we have the following general expansion
(ǫ¯2χ)ǫ1 = −2
−[ 11
2
]
(
(ǫ¯2ǫ1)χ+ (ǫ¯2Γmǫ1)Γ
mχ−
1
2!
(ǫ¯2Γmnǫ1)Γ
mnχ−
1
3!
(ǫ¯2Γmnpǫ1)Γ
mnpχ
+
1
4!
(ǫ¯2Γmnpqǫ1)Γ
mnpqχ +
1
5!
(ǫ¯2Γmnpqrǫ1)Γ
mnpqrχ
)
(B.3)
Use the symmetry property in (A.9) we find the following combination in eleven-dimensions
(ǫ¯2χ)ǫ1 − (ǫ¯1χ)ǫ2 = −
1
16
(
(ǫ¯2Γmǫ1)Γ
mχ−
1
2!
(ǫ¯2Γmnǫ1)Γ
mnχ +
1
5!
(ǫ¯2Γmnpqrǫ1)Γ
mnpqrχ
)
(B.4)
Consider the chirality property in (A.10) one then gets
(ǫ¯2χ)ǫ1 − (ǫ¯1χ)ǫ2 = −
1
16
(
(ǫ¯2Γµǫ1)Γ
µχ− (ǫ¯2ΓµΓ
Iǫ1)Γ
µΓIχ+
1
3!
1
2!
(ǫ¯2ΓµνλΓ
IJǫ1)Γ
µνλΓIJχ
+
1
4!
(ǫ¯2ΓµΓ
IJKLǫ1)Γ
µΓIJKLχ+
1
5!
(ǫ¯2Γµνλρσǫ1)Γ
µνλρσχ
)
(B.5)
Translate the last line above in terms of fewer Γ-matrices with the help of ǫ-tensors the final
form of Fierz identity becomes [7,6]
(ǫ¯2χ)ǫ1 − (ǫ¯1χ)ǫ2 = −
1
16
[
2(ǫ¯2Γµǫ1)Γ
µχ− 2(ǫ¯2ΓµΓ
Iǫ1)Γ
µΓIχ+
1
12
(ǫ¯2ΓµνλΓ
IJǫ1)Γ
µνλΓIJχ
]
(B.6)
We have used the above Fierz identity several times during calculating the closures of su-
persymmetry transformation in sections 4-6.
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C The Γ matrix (commutating property) :
First, we can derive some simple relations
ΓaΓb =
1
2
(ΓaΓb − ΓbΓa) +
1
2
(ΓaΓb + ΓbΓa) ≡ Γab + gab (C.1)
ΓaΓbc =
1
2
Γa(ΓbΓc − ΓcΓb) =
1
2
(2gab − ΓbΓa)Γc −
1
2
(2gac − ΓcΓa)Γb
= gabΓc −
1
2
Γb(2gac − ΓcΓa)− gacΓb +
1
2
Γc(2gab − ΓbΓa)
= ΓbcΓa + 2gabΓc − 2gacΓb ≡ ΓbcΓa + 4ga[bΓc] (C.2)
ΓaΓbcd = −ΓbcdΓa + gab(Γcd − Γdc) + gad(Γbc − Γcb) + gac(Γdb − Γbd)
≡ −ΓbcdΓa + 6ga[bΓcd] (C.3)
which will be used in sections 4-6. These relations could be read from the formula
[Γa,Γb1.....bn] = (1− (−1)n)Γab1.....bn + n(1 + (−1)n)ga[b1Γb2.....bn] (C.4)
{Γa,Γb1.....bn} = (1 + (−1)n)Γab1.....bn + n(1− (−1)n)ga[b1Γb2.....bn] (C.5)
which could be derived from the relations
ΓaΓb1.....bn = Γab1.....bn + nga[b1Γb2.....bn] (C.6)
Γb1.....bnΓa = Γb1.....bna + nΓ[b1.....bn−1gbn]a (C.7)
The most general formula is
Γb1.....bnΓa1....an =
min(n,m)∑
p=0
n!m!
(n− p)!(m− p)!p!
Γ[b1.....bn−p [ap+1....amg
bn−p+1.....bn]
a1....ap] (C.8)
Γb1.....bnΓ
a1....an =
min(n,m)∑
p=0
n!m!
(n− p)!(m− p)!p!
Γ[b1.....bn−p
[ap+1....amgbn−p+1.....bn]
a1....ap] (C.9)
For example
ΓµνλρΓ
µ¯ν¯λ¯ = Γ µ¯ν¯λ¯µνλρ + 12Γ
[ν¯λ¯
[µνλ g
µ¯]
ρ] + 36Γ
[λ¯
[µν g
µ¯ν¯]
λρ] + 24Γ[µg
µ¯ν¯λ¯]
νλρ] (C.10)
which will be used in section 6.
D The Γ matrix (summation property) :
Using above relations we can find the following useful relations during the calculation of the
closures (here a,b,c,...is the general index and n is defined by
∑
a Γ
aΓa = n)
ΓabΓa = Γaba + 2Γ[agb]a = 0 + (Γagba − Γbgaa) = (1− n)Γb (D.1)
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ΓabcΓa = Γabca + 3Γ[abgc]a = 0 + (Γabgca + Γcagba + Γbcgaa) = (n− 2)Γbc (D.2)
ΓabcdΓa = Γabcda + 4Γ[abcgd]a = 0 + (Γabcgda + Γdabgca + Γcdagba + Γbcdgaa)
= (1 + n)Γbcd (D.3)
ΓdeΓeabc = (ΓdΓe − gde)(ΓeΓabc − 3ge[aΓbc]) = (n− 4)ΓdΓabc − 3gd[aΓbc] (D.4)
and
ΓaΓbΓa = (2gab − ΓbΓa)Γa = (2− n)Γb (D.5)
ΓaΓbcΓa = (ΓbcΓa + 4ga[bΓc])Γa = (n− 4)Γbc (D.6)
ΓaΓbcdΓa = (−ΓbcdΓa + 6ga[bΓcd])Γa = (6− n)Γbcd (D.7)
Also, the relations
ΓabcΓdΓa = Γabc(2gda − ΓdΓa) = 2Γdbc − (n− 2)ΓbcΓd
= (4− n)ΓdΓbc − (12− 4n)gd[bΓc] (D.8)
ΓabcΓdeΓa = Γabc(ΓaΓde − 4ga[dΓe]) = (n− 2)ΓbcΓde − 2Γabc(gadΓe − gaeΓd)
= (n− 6)ΓdeΓbc + (2n− 10)[gdcΓbe − gecΓbd + gbdΓec − gbeΓdc]
+4[gdcgbe − gecgbd] (D.9)
are used to investigate the Fermion field supersymmetry property in section 6.
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